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1. Sonoeral Introaductiono

T.1A next eect'ons an~~dc treatment of problea. of

statistical ostlmatiot- !m v'Iicb earn previously developed tb~ories

arte zteniod and umiflIad.

rhe form~dationi of V-ia ostirAt~on problom adoptrd here Is Of

the Go-Aral kind usad in the theory of estim~ation and testing

hy-,iŽisses duio to Lqyman &-.1 Poars---n: estl-.AtIon motbods arej

err~l--ated in terns a 'of ai~e of virio-;s possible errors.

iz~r sat-itst~cil Inforrnce or decision prnblems generally, the ".at

C6,e.ral possitle fomrulfatio-i of this L-Ind Is evidently that ot

-. ~Am-vy (1); there, for Viao problem of deciding am~ong k ximple

lqpotl~sos, one cons~iders L-3 a lo~ica11y sy=r)Ptreal way each at

the kik-l) error nrob~bilities p,,, prooibbility of ad',nting

(vhrn us~rZ a given infersný-a rtle) hy-pothesis I whon hypotbesig

Is trzo, ipij. Tlha farrial~tion sdopted here ,'. equally Sar'orml,

1,-u Introduce# also 'hbe particulir ordarir. -:zng hypotheses vwiich

represents the atructm of At ny ,;Iven p-2r--Yt~r!c estinati=n pr--ýblen.i

?-.., emw-'1le, in a c'ne-par!s.-Aer tatirstion -,robLen, the ia'1ole di~s-

tr-itC:t :on ructlin of an ostlm~trcr, =d-,r each posuiibla vahe-- of

tris pe-r8.-'ters is daalt w:th rother ex-plicitly and not gorrar-i'edt

:-ys--- Atunetimnal a-ch as m'c12 satnr-d ervror

To t!Us for-.ilat'tn, the cron-et of a:1--ssibIlIty and the

declelon-thooratic ry-th'id- lue to Voild a"e a-,plI*ed to -ýbta!r2

chs&-szterIZAtion3 of comiplete claisei of ad-Assibite est!mal-orl for

vsany problemg~. Boca-js. of the t'r)ad 4ofInition of a,1i-hjiub~lI7, us'od,

thieis oo-3l'-toelstro-vs Inc-ide all eatr'mators which are a2sirtlble

v-ith respect to r~artlcula:r loss fmcticas suchas)R man eqaarod

error. Thus the -7resent the.z17 bas theoretical &ad t~ehuicaI
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trestiltmtOD tt.0rlsg baged o~diffen OYUt@3

ar lxz a o:tal. sense It anbrac~e s-zob tioartseS COOSa ... tIapS

of tti!- scor'r sof papers will be reoa4able by' statIft1.eUi NO 0 82*

Ftý. Ar pr~.nclplo or tinAtIon by' maxI~imu IHkIIllbf' I*
~ 'ex'iz~ * i-n *%act. (non-asy'atotls) justification,. anti 'ntria

1-t3 e :h, ry cl? canfUirnce WZO and tests Of )TMJ' OeM

?vatrct.r:sa rTarta 3-L th. theory' utnilie primarily the nethOdS

of the littabl theory, ane- yield soms now prs94Ua1 tftshniques Of

'41, pre:ed1i43 remarks apply' a~riarIly to P0i0t OstIs~tlOU

trobor~s, b,4t. the tr~eatmnti adopted unifies point end G-Wi'dflow-

ro¶1cr os :.'i-tton noth4n4a, end lncorp,%ates b'~th in as "Omlbus*

4-fir itian 5f "'an *stlmateg wb1ch Is proposed andi I2llstrated as

a use-~ ~I5ClQ1 device as vell as a thooretioallY U&etM

Wi1%r az problemi or estimnation~ or a resi-valuod parseetorg

s*i~h or *s't!¶'atA Is called a Uconfidancos curve* and Is r*S snA

t..Jn c7 t*:.. fw-.ly' of upper and lower confidenace Units Fro the

pars:ýeo! a'. each pctasibls oonfldenoo coeffsicint tthus alfferlng

At ncs L- r-:rT from the "confidence dlutribittlaonw described by

t~ox ((2), p

Scr-me --z-bler~ of seotuential ..timtlon are treated. telstiOnS

batueen~ Psr'- t,t~to and ncra-asy~totle theories Of t-atifiStUM) W

dewel 1--s iam s 4w stall.

2. Ci oln fo mltIcneof the roblow or 22trt eottrAtio

14e coft~s'8.6ar.hf prcblms of iwstlmstlon witt wftf~renG to A

specified exteriment 2, 1.avtng aside for tte ti.. bet"~ &U

q-49st~ons c? experImantal desupg InaludIsig theaseo WO Of 4Le

w*7-!

4 Flogs



4- - -- .Now*

if0

%I 1w.- r-It !s aas-vd to b~e specIfied as a part of 3. U~t S fx
A n ta U swv,,re space c't pooribl. outcoe x of ths *XseiimM6

_: p (Z~,) d.to--t one of the elewiotary pa~babli Ity i~actle" as

-lt re s-',e e:r* d aspessibly trim, and let 11- [a &ot a
"~,cii.6paranoter Vtime 00 that fri each 0 ln~a Asd for **Ak

bea A of Sv t-A* pobatt~lity tht 9 yields an outeom a 2In A I*

-Ilft b7

?x-b X ( AlO 1 £ (x.0) dAsXs
A

-,-- pit a specified anstwsu ac 3o (We as-m- tar~tly her'e =6

-. 7 that o!cas.drstion Is *p~wropriately restricted to uwaswrAS

i - ts and fntiiny onlye

tat Xss WQ) be any function 4.tin.d on A. (an. I~ortent

'ý-tImtatr cf I !: a f~motIon g-gtx) Weined an mad taking

*.tsin rF. i rotb wr~i~ g(.) is called an ostmt sum. a

*3ii bur.-t- outcomw x, the specific Valuie gtm) to called m -

The followtrx ~efinrton, eonitaliang, as It does a anubew or

thtr rV"i terns, sceem to render an precisely as yossible the

~-11 I tuli-to' iesni.ng of 9tte eo~ntiu an-rnoblea'u A pwoblas at

aint-ostinstic~ Is a problen of choosing a good ostimtors that Is#

* sticAtor S wtlah too". to UTa=k Valves close, be t troo be*

For* ~1& of* cae~arinig alternetive estani~os the Goly

SeeIntepro.tatiaa wt~ic thi., definition a~llo Ise eviwAl

4 ctr'ora2y 11-mhed ame In *Ab.& MdW eOW~ tqptbee. 0os.

44-~

A z-~

-A, Nw.



- :utvalco I (e) Is emsideme s2e3.e't to W W valve

t f is any ofther VAlUe 110) 4,.) but dsileritS goorwisas so

t- Closeness Wer possible &MW4 *Wfere@ Sftaemwt values. oft"e

:-a£t no ordorllIa or pwaretiie stwuetwow In A. bas bme aws5u MS

_1_ in Lindley's forma2 lau d6eactb.4 aboveo this Getlitlim

_ad tomeceassa prlefruee fora m. oetieator with emvw

--tbsblll~ties over a "oon4 one with erro uwobablittles

for' an II Moe~a~A kh a" Pjj 4PL ft@ Sa

=d~ sawn Hi owever# In ant estimmation problems the *vent

:tat an estImate Is proolftly eorect, bas typSUa1y uegalcble

-.,3bability and Is of little Interost.

In order to obtain a definite basis for eamparing *stiratmoo
!3 ~ Iczssary t* apcevoy frvtw" the olo0smeiia of the TW'IG=

- reoct waloes of en estimator under sashb h.wothesis. On Iti

:-rhem, any pzmopo." quantitative usasum of slosene.'# or or

;St zrw loss 4"i to erorVW 0Is macuaiily open to the oiitiaim

-a~t it Is partly eubjastiVe or afbitrM4 and bum-e is nWt a

3$vrouehly set 4 afactory fowuulation of the o1l or Otba estmimatlem

_olm " s tated above. llevewtel~ess, beaiming with Le.3. amA

.3AzSa (cf. TL,,uaz (03). pp. 9-4) for' an interesting brief sbetc
Of the tbh"rp

g. tb3 bistowy~ot ostimatianp and weferenowJ6 useful foeua)*tlawn

' t. estirmtion problem hew been misd in torzue of spotfirl

wmctions &&Vtsi to Pepresamt the lo fsem to e*a& posibl aw~.

i~o estieation or a roal-valmat pwumnater the use, of the absc~ft

31iae of UPs. error* Intbuodaus by zembee, as. ra'eiLse by Gae

;'tle, sqwatme eamo beeauee the latter .Pw.L -m tmatabls

-stbistnatisly and provided on OquU3 reisaomae defimi ftommie

R-1 -- u 97 i the poblme. So ve of Unas ftmetieme to oettoics on

a- Oa 77
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0,2--w statilstical pwoblumts me g~m partisea epsam ta m

&we~t.e~~ ru~~~ d=u to AaU.

theotv.ct1 pupo..s by nvtZZg (a) tbt rwo iw bau at statistizia

thsw. - 4 tee~'gIqiaea to A4sh tb" f. s1ai %we.4 inabd

=cty as t -nt~od ntodsim~r da) Cha on e varlome embewal

tbese m~tb~u am fowmA very tzsfrg ad (a) tust sc-betaft POP'

of %tis body o" thoor7 and h.L ave team f~a Ies* mensitiv.

týA= =i-tt be at.~.clpeto4 to en6site shra S= te~ef~t

ef the 3os fv~tan in, so that IA may W~I a e at offerf

Sjch faowUjtIcexnds de of. at vagianess at fth estimation

aoj.A over the passib2* siatom of tba lzwn altmzis..

l±11S tbaea f~nw=atiO" " arbo ~ tbero n cesqlme to bf

!* aei, are OxfrauelT u3.Th 007 &~meg Usy t So~uss

to embrace as nwh of the Imtidtro egtSmt of 11meatnt

-oiblsx "8 ome nif-ft Wish, -- tho fa Imamm ts fm SUM

u-&to avoid or pootxoa WIM~ " ort IV s e posa~eis~ tS

-eevsiogum or at conSII mc4 .usm ibsory or oviutiom ftui

a~ta." particelail via reas o simetlm St Umn

se 7t-time maevokumwtFS MaiI t seah ~bmf tono

i M



irnadizto declaimos but rather '4.0- 4evelp~m knowA*4 dge*I

r s imat'lon methods In his analysts* Interpretation,, san reportliW

c( research data; here measesuremez't Gf utlIties of various outDOWS5

1i 'atber hy'poths•tial, as too in Iuportst& oases, the possiblity

2 dopieting his n"rerce-makIng sltuation In twers of noe doflnite

6ecision problems.

Even when the vsgueness ct the estination problem Is dealt

vl'i" by a.d-ption of a loss functlon, typically a laras class of

eitir-ators remain AdnIsalble for rsaso'Able oa-slderation, and

zolecting one of Uhse requires adoptloa of a further fremal

criterion of optlr¶15t t7or an Informal comparison, Judgment ad

choice. ?or estimation problems In scientlfic researahe the

adi-ntlon of eay such forwal orlterlon to Wefine an ootiun *pcctt=d

loss frnction of an estimator eems to cowuound the sonm.at

ar••itrary or gCJectivo choice of the loss function Itself; utblo

Inf6bmal comparisons of estimators oan often be mAde in at least

aa 31MLe and satlfcying a way by direct consideration of error-

-obabilItiss of estliators as by consideration of expected values

of loss tw~ctionso

In goneral It seems vwotr4hllo to distingush as far as possible

inru.-n. tive Inference, as a basui function served by statistical

.etl.•ds in scientific research, from other functions served by

.ntatistical nrthods Including thos, represented in theories of

rational decisiona . This distinction is not rendered a

.,rely feoral one by the consideration that most statistical theories

and techniques may prove useful. for both funstions; nor even by

t.he fact that the nature of the formar funation san often usefully

be explicated (analysed and Interpreted) by use of the ooneepte am

jyr~y -~
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rormil~timns of theories of' d4cialon-naking, The latter kint does

tiot •1a7ly thet such interpaetations exhaust the nat-zre and oeanlng

of L41 informetive ianfoe,•oe function* This to not the place tor

a dotelloi discussion of this Vr17 General IthOddoloCleCl questions

•r:,f,-:e, It may b4 n'ted tlat there a&e probleus in &lob quit*

,'!tfoi'ent ffor.-l theories and pructleol ttatibt&'al toohniques ame

*r.-ro-irlato, deponding upon whether an Informatlve or a uoe

ir",€ r¢c itilltatjon Coal Is adoted. A striking eoxMle is pr•oTide

by t'i problem of estinattOn o0 the noan or a multivariate normal
4 istrtbution, and the formally similar problems of the classical

t.,e>ry of linear estimation (assuming nor--ality o6 error•), FoP

th.so problems, the use of the classioal estimators for oeb t-

ponent or each parametric function seems generally avoropriate for

,ur-isns or informative inrerorop, and tkeir use *a indicated by

vor'ous forral criteria for estimators, Inoluding that of mean.

sq ,ard orror. (3uah Juttificatlon of those classical estlmatore

Is d'.s.•.ased In more deW.ll in Section 5 below.) It has been proved

by Ztoa.n (4), however, that for Vie problem or estimating simaltaneously

t ir-•t or more oooronents or the near or1 a raltivsrlate nom•al die-

tr* ,st.:4on (or three or more independent param~tric ftuntiona), if

>I)- -.1o0t3 as a loss twictlon the sun of squared errors of the

ros-e.tiv ostLiatoso, then t clasoictl estisators inadeishible.

It sou cl•~ar that this r##siltv Striking as it lot does not at

all datn.wt 'rom the ressonahlenoas of using the classical estimators

"o.- inf•rmative info-e.noe, espeially since Information about cowt.

po vita or FVarsmetrie functions Individually is often of pr-"uwlf

int.:4est. The result ftoa Poit UP the need for Cautlns Ina owmeo-

tiM Wv1th use Of lees tPatlOM to represent tbe 505 of SnfWNMtlve

I. -

-- - -- -- - . . . wI- I -unm ln -I niiu n.i l -I



sifrt nces about pantreSteins5 rv-A~t depends oruelally an

;--w -"esei quasntitative fomsecsified frthe 1"* mitiong

o.,slr urith the use of compounding (by adding their loes ftmriotiais)

-): diltstiu-uisthable inference pz'oblins utaioh, for purposes of Informative

nrfcfcr.c.a tz = clear reason to consider in .oobinatilon

'ý* useftilness of over-all error rates for a family of confidence

ter'val estinates on paraxietri@ functians to not, inconsistent with

Tact that the most useful fsxmilies of interval estimates, for

..or-.a1ive in~ferences.onis of cofdneintervals each based
ii a classical estimate,) Stein's result ocirata a direction for

1,3vclpment of now statistical tsehniques for purposes of succesiful

r\-31ctlan, techniques which may differ strikingly frco the classical

it ~ ~ L" Lats ~l;3 to ?-Ake clear that tho dif'erent func tions of

-_&r~tire Lr-ferenoe on the one, hand and successful decision-

irx o.n~ the other will sometins* be served best by quite distinct

e-n-stica1l formulatIons and practical ttabniques,

S-ich considerations lead us to develop as far &a possible a

j~ry or eatinantion Ina which (a) the notion of closeness to the

-ecot vtilue, of various incorrect values of sstixnato4to is xpressed

*a ;r,6cise and tis-efuil way without introdtiction of loss functivns

s-' jilar devices,s and (b) estimatcis are evaluated In terms or

-lbabill. ties of errors of varlons sorts in the style of the N*YuAA-

-. ~~ntheory. For pz-blecia of estimation a,* a r-al-valued

rarater 0, touch comparisons as to closeness are art!abl ~In an

",icis stay between every twon toor ect values each less than the

)rrect valueI, anid between *,very tw incoorr".t values each proater

anthe correct valuasl this leaves open only the em",srison of

_ncorvect values an opoosite sides of the corr~et vaiwi. Use ar
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th--; led to 4erelon a t•eory of ee'a = tossed on diree, can-

sir2orstimn of th. e ol. djqtf--t=: " of each ext1iator

under easo hypothesis. On tue" t2 , esm simator can ort-0 but

not almys be uited nmoeg sar4 2.%y l t•a• a setood one. Savage's

dircus-tion ((5). pp. 22!4-.2-25)~ n ce -v -. oia for *st r~AtOls

is am'isnal In its tinclusion of- a a-o a~mssilbillty

based In this way --n w r_7ý& c-d.f. of an esttmator.

Systeritic use of such a crita••-m. w not to lbe been 0-40

oroviously.

Apart fro the goel of • a then' of ostimtlon In

a form which seoes appropriate W ," of Lnformative inf.2eroe,

the development of the prxez. = bas .-- e tlcal end teohnical

relevance for theories of est.sL ! co othe•r for=1ations,

zinc* the present t~teory evi~w=_ tm: all otber theories In

a forral sense. A kte;edge - • a : ta clasz In the Present

broad sease can be helpful w m mL- - are to be applied.

?or exarile, every estLrstos w- !-x a-_'stible with respect to a

fn-sq-.'-�A--e -L' Loss fv=t±. be &e vsible In the Dreeent

sense; hence the search for gm.i s e-.s. t can be restricted,

without loss, to the admdsstti. Z&2-s a=-- a cz_-lete class) in the

prmsent sense. (In thin way, a - cf efl•!!tIons of a&nis-

*11,111ty tcf. M6) leads to, a c.-_-v--o'= . :mst.4 h1%erareb_ of
ad:is -0 be or complete classw&- * .L- , a c-iter-iO o! estoriation

rlaj be shown to it ad, for c~tx_ to estl.mates tIicha A"e

not admissible In the prser-t m ; sr--- rgits facilitate our

aptrrsisl o such criter•a; -. - .-ion of unbas.e.zse

has be n shown to lead to tIw•es .•'a st• In thls sense in

some proble-U of Interest.,•A -iutw *•f • of an estiMatO-



Wa t~ir )S'eý to lea?, In some classes of problem, to eatinates

u~'c, R-eslw:s ~u2e whem tile ocentir, the reasonab..*oeae

of th~e criterimn is corfrlmwd, and tiUroeany a p~riori ikltmAtIve

attrset'i~nenss of t~z. criteriot., to-other with this confiimtIoti,

!rAy to a sat1.fyInC pzectical basts. for resolving the aomtetnes-

irrolt b*.t o- ch:risInG an estimator frona a U -r. nza ib-

znbe -*-raen t-Js L4-.. j .stif !cation, as will be Indicatod In

a !2ter racti:x 2. a criter1Im utich Is t-rir attractive

ray lesZ to an estlratzr -.a itch s'-er-s uareasonabl.; evidently Ud~s

Ind.Icates that so-m of the Int-iliecoeto h mi~ir

rc'Cle-i Is Dot roif?:y e0933td b7 the &!ven crit~erion, us dim-

c-.isscd ui_-vt* 14-A czzzzln ultli !"1tct tITan of a broad

cri-criorn or a_'IsIb1i!tj can --%solve sx.Ch aipparently-Incorzirruous

gitati:~,and can e---:blt a variety of adnissiblo estimatcts ftrom

wyi7 ý&.ch a satisfyin1' z4jolco may be possible.

.-~e nrmeer.t soctzrn leala with the concept of adnissib~lity

of an 3st17*t..,r or' a -- eal-valued psuameter e. (Zxtensions to

a-itipara-rter -'r')bler-4 :-,rblemr involriflg flu155lce parameters,

and -~rtlFen,! A~t$- ct,-.r n-icstructures will bo g-1ven in

(fnIrts, ar cryntaill 0: uncon.t~ably infiinite). The fam~ily of

ale.-ent.zty pr-31Rb~lity fu-,ctions p~x.G) under consideration has a

ara~itrlc st:-.ctrtre only In that each p(x,Q) Is labeled b7 a dir-

£f'rent rctil nr-ber 0. Let 0 go x ) be any (mas-imbrble) eatlrAtor;

Iit is iseNIl (avill app3ar below) to allow the ri"~ of 0to be
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any .. beqt of the closure A of A-(e.s. ir11- Is the *.9ole rel

lIne, 00 nay take the value* + cc). Por each posuible trz- valuM
0, the use of an estimator ls leads to certain probablitlee of

ovear-ostizatlo, represented by the function

a(u,9,9e) P )?romt(9(X) • ulQ) for each real n -c 0.

Lrot(o0 (1) ulO) for eacb real u -0,

The t'.nctlon a(u,0,Q0) is thus defined at each PCJ2. and at each 4 0.

For a fixed g, &(u,Q,VQ) wll be called the risk curve of the

estimAtor 09 a, 0 .

Definitions. For a given estimat'.3n problem, an eatirAtor 0 Is

called it least as pnod as an estlnator 00 if a(u,0,Q -c a(u.G,00 )

for all ;E ar, all tg. i - 4" t 9~ are *eelh at Usast at

good as the other, then a(u,9,9¶) s(u,9,Q"), and the estimators
are cilled enuivalon, If neither of 0 0 " Is at- least as good

the ot:ser, the t-n est1-ators are called not covmarnble. If 9•' Is

at lasat as Good as a and If a(u,0,Q I < &0uOO*) for sone 0

LanJ ncrt u 1 0, Q0 is called better than 0*-• As istinator Q* Is

called l-Asiiblo if no other est~nator Is better than 04% he claos

of &(!&rý.be esttirators is called the a&ilusible clnss. A class

or est!-ators Is called n•nLet. if, for each estimator outsile tUe

cI , t*-.h.e ts a better one in the class. The msini.&I 'anallest.

cor-K'-ete class, if one exists, GolnCideds WItj thet a&--1sasle cCaIA

A class of estimators is called essent1%lly coi2lete if, for each

esti:.ator not in the ol~sa, there It one at least as 0o4 in the

class. A rinLial eesentiall car lote clas!, if one exists, Is a
8ru'lass Of the &sk l3able class@

It Is useful to define also, for each 8 and 0*.

- • -_-

4 ;•--
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£ ~rb 1(( I ' -Cal Lin (-E;,'

(C

(0

fcv- esc- Wan r*,*vorve* ti a ~v*en Pqt1-nqtor 0 Is mn4arst~o.d,

-.e -- III wrt¶s si-ply a(uz,o), ~,' or a(G4,G) .Tha functions

& ' :04,Q' of' fa wat --sonfl 41%erpro~titons. as will be

>:anj roblers, esti aors for v'icb ?rob f() a i~ 0

2*~z~l be- f~i1 ~ ortm not us-jr-A. -,hen fo the re.nAinizu;

cs~~t~~iwe hrnve a =-.)la ,) as tb, valuao of the e.d.t.

:r at '6 teri Q *-a tr-39 :o teo sauch est'.rmators, havling

C-!-' P7-!'! 1-ction f-intlons, can U3 c-.7;&Trable; for

sit~-* 5  a t Q-,9,g 4,:Is * 7,-draictt to a(+Gg)I-aQ,,

1~s-ý--3 '-!at rt 'restims~t-3r *- akt least as load as the oth'er.

:. ur~l~r~ at vsb ~fi' t.o~of &( Issibility adopted

IC 3 ,t ve.-I lar- i,- i~l cla!'Ea In tynical vproblels.

7- ,Kerg it dot-s -ot. aest a--> tc cionceive of the probl.em

cr :nt e j-ýp t!.3i as -" to uhc-c th, IrvoeqI'ator chooses an

.. ~~t-'on tte basis ct convid'-ra.;1on cf the riskc c-,rves of all

ar-.':-At-rs In Lvoms ee.ta1ye-=ý,ste class. In principle this

ecr.-1dvtln shvild 'e ci1-~t~e, t-Ai of' c~rao too practical

cc e--toi this can be at lfwit & -nre or l-%ss oxtansive

fL-:11;~y wulth the *6 l7co--Ilete cla~s, dovelo--od ty st-Ay

a vsrleatv :d nirticilar asti 7rto-s, rossIb.y itre.!khenod by



sal ge~i r ral t~esr'tlcal considerations. and pertaps also by

refr-ence to one or Se,.,ral logs tfictions ani criteria of ootLrAlitY

w'hich may seen m-re or '-as# appropriate In particular problems*

Sich an approach is In,:Aed necessary If thi indosirabie features of

fo..'-..a&onz bsksed rr-r.Ai1,7 on loss fur~ctlns are to be avoided.

It r-ay be fea.-pd that •ueh an approa-h -. tails awkward and

tor-ldab'.e tnasks o! co..,,rlsons of risk curves, and is irpractical

to carry out. It "jil' be seen b!l,:u t!•t this Is not the case.

In mest dncialcn-tleoretic for ul-f+ns -f statistical .-oblerms,

a ,-.1-rnlud -!ss ictlon .(0,e0) Is ,'efIn#d for each parameter

point and each decision function. In the p-esent form.ilation, we

&.930clate with each pair .0 * a net of er-or-prolbabilitles

aCu,QG*)# uL . These respective error-probibil!ties, for each

fixed 0 and e rmay be rgarded as components o a vector denoted

y (, the componevts a(u,Q,Q having

ind u. ('at could define a(O,PG,9) = 0 for fomal convenience.)

Then r(QQ*)Is zn exan-ple of a victor-val,.wd risk function (6).

E- 1. 3t I be nornAlly distributed with '-.anomn mean 9

and varianice 1, wita ti o co < a < co.~ h classion

eelatr, based on ona obse-rvation, Is s(X) W x. The error-

prob-bl'Ities o uf tfs eztiator, when v f1r, ar

for u -c1.{-iu-l) frU> I

7h13 risk curre is ; 'ephad in Figure 1.1.

- --

C 4



14.

A

-. 3 -. -' 0 1 1.34

A secon~d estlr~at.r, Q^(zj - x * Is has, 'iben 0 -1, the f?-Uavlng

a A - (r 1,

11(L2) for V, 3.

I ~x. C.

C~rv!.hf 2.tii!~ ~"~1In chkviZ an eatt-aetor wma~d be to

U±~1fj:) !~1tA.~' all or?-±instwo of sucha CIWveS (far an1at

anu5 for all .V(Q) stiný. eath owr!iztte is the probabilit o an gr.ror



which we wish to avoid; or course this goal eannot be re Used in

non-triv!al problems. The estiA-notor 0 Is superior to a With

reapoct to all errors of under-*stiatioon, but Is correspondingly

worse with respect to errors of over-*stirnotion. Prom this stand-

poi.nt r.e'th•er can be called better than Ube other; they are not

cooparableo.

A til..-d oatinator is the apparently trivial ono, B*(x) = + 00,

whose srror-probabilittis, when 0 - 1, are Illustrated In Figure 1.'1.

a(U'l.B ) for U < I
1.1 for U'1.

o• tE? t onI

I 2o . 3, 1

PIge 3.3

This ontinrator (buat no usmalloer one) is perfect In avoidi.ng or-,ror

of under-e-stiurAtion, but in as bad a~s possible with respect to over-

estimution.

This eja•n=pl Illustrates t2b technical usefulness ot our

2lght generalization of the usualL daftnition of an ostizatar, which

alloin an ebtlmator to take values not only in A-but trourhout Its
CI]O*lU .• .

S. . .. ........ .... .. ....... ...c ilo lr I l .l llllill lli• J f~J llQ llll~l~ l~lm l l • lm lll l I ii f ~•[ i i l~



It 411l '4 shown below (910 1.6-t tc.h of these three estimatora

%S Wi'-is31ble- (b) that Indeed every non-doamasirag fntinonlo 0 u)

or x is an w~Ia19A!Ae oat.L-.ator; (c) tbAt a miinalxa *&S~ntila31y

c-ilat* class of estyi,.tors I.s oog'sttitAed by thaelrght-cootlratanti

n-dcr~si,; r,1nt-tor.s etZ) of X; and (di) that az~n *stimitors

which exrw usa-ub~ed* (that I*, uhich ovor-e*stlitsa and under-

o*Ptnate witam-ia p rotaab111tles, for each 0), the elasaical

estinator 13 boast (that 10 9 riinlr~zom &(*i,A) a*iuz1-

tamooUsily for Mal a C--, all UO)

14. Klen~vnta7 t'-.nory of _ad-isslble esti-nstors,

A -ujn:"t1 p3art or the theory of admivslble estinators of a re~al-

vallued pairarmter can be dývelo--,ed conyonI.3ntly by use or tbs theory

of vno-sl~ind tests of hypothesem due to Voyuaji and Foarhaon in

fact, for T--blem-s h*.vI : : azp1 struct-re, the corpiete theory

can b,. davela-ed in t.his wuy. In thIs section, som useful r~ethods

and rosu7ts are int~r~dueed under slpif~~y'-ar, ass=Vtlons; lator

sections vill contain m-.re genieral re'ults, such an cotplete classes

of a&-iiss1blomet"4Lrzfor soris of the prob:*--a considered here,

?jA ?.Thio~bete~ esi~tona~nd orno-sided tetiq-n vr-3bl&=u.

,ýny riV'On 0t1Lr.&tor Q*(x) of a r'eal-vanlmed parameter Q can be

used in tUz follourin way to dinfina~ a t-3st of' the hypotbasis
I

0: 0 Q. Sr s 1eOeans I

ir o 10 () 4 90Is observad, lufor

that G0 4g (aSceept V) I

if 0 Cx) 0,0 Is obs~rvad. Wner

thta % V0 je O
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Similarly, 0 can "e nod to defin a test of 3: 9 :*. aGainst

H ii as follows3

If a(xZ) 0  , infer *.9 so

if 0"(K) % . infer o

If 0 Is such that

Prob IGoC go10 0f L 0

then the two tests are equivalent for t-stlnz eltber hypoth0sl4 H.

For jL'v estimator 0 satisfyinf: (l). let AL 0 - 111(x) I (

the aeeopttane region of such a test. The Type I errors or such

a t6st have probabilitles

1 - PrOb{I A Q O a(%.9 "01 for each a e0 o

tb. Type 1 errors have probabilities

S)ob I - ,Q%,Q, foreach 0•-.0.

For tasting Es 0, t•aTypIIerror %dwn 0 % has
00

probability

Pro f jf - .(0I-, D. a- l-a(&, (a

For testing Ht: 9 09 the ?ype I error whe = so has

probability

I - Prob fA 9 10.1 G a . 0*) -,).

In this wky, for way estiustor 0* which satisrls (1) and

vhlob takes values only In . o, ah or th rrorprobabilities

of a a an estimator can be IrterproteQ as an oeror-probabllity

S- .
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of a oge-sided test based on 4 Such interpretations rive the

fofloving usetul partial tansvr to the ,ection whether any

given estirator Is adn•ssibles

e If. for a s;ecified family of U-s-ities f(z,), g•A, o°(.)

is any estimator satisfying

(a) Prob I(a)ub X)- GoIQG -0 for all 0 5 a (-JL,

(b) Q(z) t€.kes val-ues In XL only,

(c) ~ 00 Q(X) , %I~ In the acC2te-nc* region of a test

whioh Is adr.ssible for testinC H: 0 -me acGInst H t : > Go,

and for testing E:: 0 0% acainast E1:Q 0 0• , for aU.-t. rof

t:u 040' is an ai-issitle estinrtor,

Proof: It Q* satisviie (a)-(c) " if" C ' Is better thmn C,

then for som.e %o-a and sow '4,J L, 0'ý Go, we have

a&(o, 0t, a *) 1 a(Oo, 0 0, , while for all 0 a1)., O 0

we v. "{*o 0, *'a ( Go"(° Q. 0.'. But t-hen xIO¶(x)=-9

Is the acceptance region of a test of R: 0 • 0o which is better

tha~n {zIO'(X) Gro . ýontradfct1.rg the &ss'.ind aeuliesibility or

the latter test. (A tost to called admIs3itle if no other rest

has all error-przobabil-lt:es at least as srall, with at least one

strictly smaller.)

For ary stir.Ator 0' since 01 2 02 lnploes

xjQ~) ~01}C xiew) 02'1 1 the acceptance region-s ~AQ
I G

defined as above ccnst;.ut@ e no, -dcreasing sequence of set.s vth

Index 0 ( ZA.

IPAM adzdaslble estlmtors can be eor-stmcted by the device



of detc !-1n.1a* rfr eavh C ' ,r..n AW~3SMSl acceptance region

A t:ýr H: 0ytei E ,In sueb a way that the sounc*e
0

A 0 s non-de-,r eivi.r, In 00.A sim~ple msethod for such construo-

t1ofli 132 Cien by the 'ollowin~g

C~~1R. Y~r a srectinld farily of densities f(x,Q), OCA3@

!at v~,)oe any functlon satisfying

(a) r r schi Q( A (x 4( ) Is imoas-,abls and v (X,Q) has a

(b) f -r 49ac!h XES, vflx,Q) is decre, s~ng In 0 and 'r(z,G) -C has

solution GE1 1

Wc for eaeh 0 (fl [wv<% 0 Is the acceptance realon

o~r a t.-91. wtch Is a!nissibls for testing 9: 0 9 and Et a -C
0 %

(O1. efleu lot 0 rz, be the sCoIut1Oln 01o'vzQ - 0 .Te

0'4F is amn ai=19ible estL-ator.

Proof: 3t~-re {x!v(xVG) 0 [ xioc(x) 00 , the corollary

f -)11T. s ý'r- Lem&a 1.

It.?;~; .zsel~lrhocll*ý ratio condition.

S3-se tho fe -nily f [x,Q) , Q( A , almits a real-valued

3;f'CeI-;! ltltl3tICa t - t(Z) isntIsf7r14

(A) t rs or each Gf m dnarsity tumnetion h(tAQ) WWItri xpVect
tO 3Y-301 .erG I/S L(t); aM- i 02 ir.Plies that h(t 1 092/h(t,9 1 )
is lncret3fln In t.

if vo A-, th" rnsvx--t~z- tl.At. t 'vaa c~ontt.nu-3us distribuztin for

each 9h, "~ c- c~ifine t(a,.') so as to esat~i-iy .' - Prob jtfx) t(Q.et)IQ3

fr(r of~± -h QJ) and *scc'- -A, 0 K A -c 1. Lot .4(0) be any f-n-tio*.i 06-16

st ch t ,t. t~,I) is contiruous and strictly increasing~ it 0,

'-intr-. Cn-I'titons or :oroary 1 ar" not by t(z,9) tx-( 1 '9)

In fact. :!-, e~ce-3tsr-e reCion (for testing U: 9 W- go o H: a -C go)



- xtv(x.%) 0 Is [zltlx kn(g(Q) . own to

minirnize uitmiltaneot;,sly thbe probabilities of error* of TvpwrI and

II subject to the conlltlon Frob I A'2 Igo I n.(a0) It follows

troc~ CcroUlsi-y I that t,-.e estimat~or d*,ce.rned ror each xrs

as tha eclution 0 of t(gO,A(Q)) - t(x), to am adIs#4.ble eattuatar;

szd -A trtl.er, azizr-, all est~inatzrs wit)- the saze location f-InctioTis

a W - 1P .*)a1-aCO +0 Ca * ) a *()
0 Wx Is uniforml1y best (tLat !2s. 4 rinIzr~zeu sI=-.;2taneous-y anl

error probacbilities atuG), ui J 0, Q(. 1 )I). (Equivalently. e.very

Incresaing function Q s(I.) taiing val~ites in Ai Is an adr.'ssiblb

eatizator.)

raking, A Q)= ' 0 c 1 G(z) 1s f willI ar as an up-,er

o-nfidenca linit 'rt~xclah ccfI±cicnt 1-0.. t!efo,. a --ceer

confidnnce lirn:t, wt32 coefficient A).

1; C0rkqtra.llned mxr-xin--likellhbioi estiriators.

For a -1en farti1ly O(zA) ,E~ la1t A(0) arnd A(Q) be

any two rfunction. 3altisfying 44(Q) > 0, 'LO) : 0, &+ZdQ) EA.l-

anid 0 -£(0) E A-L, for each EflA. Assurw f (x,Q) 1, 0 for each

xES and each g(.L), an,11 lot

v(x,Q) - logr fxo in-l f [x,0 - G~) (40 AM))

whbere .49) sai lft~ea 0 -c .'() '1 and 0(9, 4(0)) Satiarles

-AQ Prob {v(1,Q) Oi@3

for ceah Of Sib. In many problemn t'--4* conditions can te satisfied
by suitable choices of AM,0) AM,. and A(G)e and the resulting
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t'~nction v(x,(Q) vi1l also satisfy ths cornditlonh of Corollary 1,

which ve now asemo.

To as* that a set AP ~xlv(x ,o 0 C Is neelsslly

aocc-etar~ce region of

vxa0)Is a wnacr. zr fwiction cf the likelihood ratio

k *a + / (00 )fx '0 - A (Q 0)); It follows,. by the fley~3n-Fearson

lerna, iast A4 ~ivos k tý-sl. of the simple hy-pothesis His a - Go

a~al-1.3t the SL-Iple alto-baiavo H2: 0 - 42+. G) with rdnixwz=

Type 11 error ancrr: all! tests wit'i the same or sntalsr Type I error.

Since ?rob )(% - Ole 0 for each QE Al, this best test

Is daternina! es3entiailly uniquely; hence A9 represents a test
00

v1-.Ich Is Q&&is-iibls for testing H: 0 < or Hs 0 < Goo

It follows by Corollary 1 that an ad.-issible estimator Is

give by 0 ('!) dsfinod, for each 7.(S, as the solution 0 ol? vY,G) 0

If In tbe above defiltiton of v(x,g) we conslder for each B

a seqiene or choices of A(C) and &()such that P-{). + 0)- 0&

we obt.a~n, as a for-tul Urt.~i of the first term of v~x .0), lt (.)

provi~ed that, for *.-cb x(3 and CEA, this derivat've exiats.

stn-In a2!is VA- ia process, It Is convenient to consider

d4ractly ian a~lte!-zAtiv* 3efirition. of v(x,G) &B follows:

-~'Q log f (Z,9) - a (C 4H(Q) f- G (0, .'(9),

AS9'nMAnZ eXi3ter.C* Of the deriVative. 110--9 GCQ,4Q)) IS deil1ned

a~s befors so that, for each 6, .c(0) a P?.ob (Jv(X,o) -C oo) . meo
scce~ta-ic r~gi~ A.- flv(x.Q0 ) 01 O 9 iClearly eqaiwaleu14t

to oms based on the !'zbquailty f U. Wf )/x,9) -C 0 (B*,s(0)).



'As to weil 1moa.n to b. the aoc*;t.&na reion or the ioc41y-eeat

t'st o1r size o-%)f the k-pothesln H: a - 0. a~gainat u's a

(and to be the r~ltctla rz o of the locally-best test, of also

.4(;0 of U: 0 a 0 aet:.nt H I t Q )C prwvlded that f (z Q)

satisfies ~ ~'0 ~ ~.)4 f ~ (x,) dp for each (asaairsble)

WCS . iTf v(x Q) -qts'1risf3 the conditlomw of Corol3Ar7 I above, then

t-10 fro10WIIZ eSt rAt~ is adMdssible: ror each x, le*. 09(a) to

the 8A.1tion 0 of Ttz,Q: - 0,, that In, oV- * log t(x,0)

A-non all entirnators with the same location functiku, 9,2cb esttLAttoS

rlni.-Ize or-or-pmb&L-11tISXa (U,GQ,Q * for u in the nei~nbor'hoo'd

of 0, fc'p each G( 2

~je st t~,s ~in th-Is r..'ctx. arz i

of' the -axir~rL-! e'1na-d estimator 2(x) w~hich Is defined as the

solution of the equatio.- 4 lor f (x,Q) - 0. Th-ts, =der the

coflOt.Itens r~ontlor~ed, U-9 i-ik'irr eitim..tor 'is ctszble.

It has the locatlon fxnetions v (4- ~ 1-1 (6., C, -4 i= N

where -, '4) = Pro C/Q'fIXrO ole wtwre r um *)-Ar-

Lf f t(X,Ql/f (X.G) has a s;-rimtrlcal dirtribrution, its nediari VIII

coir~cide with It.3 rsein, vtich 1s E(f' 1X,Q)/f(X1 G)!o0) -=0, 1ivlzng

.9 (0) -- .5. Yore gansofl5' .7. if x to a s::.;leI of indapendowit obvs'l a-

tllonns, the rnorrl.a ap-?vxirý.tlon (ba-7ýD on. tho Centrall LL-Ut Theorem)

will oiezi ~--r-l I-OIat:T.17 vU far rod-rt sa.q-:. 3ite t) rilvo

-40) 1 .5 as an apozmt1nto the locatthn rinctlon *f

The first two ax;a.-i:le below Illustrate that t*, !wtb'o4 of

fSectimn )1.2 can often be ap.n1ied cona#.nientty as a come or the

nothods of Section 4&.N



KE!mI'* ;LOai~k mean ze o"A be & samle of n independent

obs.rwa'otlms from a nonma distrib-ItIon with 'o-"i varlaznce, say

i6 2 -, end urno'ei man 0, - a* -c0 e w., Then

f I (2ff) U M

1.1

lot

T (XXoz L Lxq) - 0(G, '~(0), wbere, -(%'a) in

a given function. Then

- - 0(a, i(Q)) nY -no -I JanQ)

~~~ Ymj~ and I(na) In the standard nornal c.d.t. Then

v(x,Q) cloarly satisfies c-3dt~itons (a) and (c) of Corollary 1.

C&ýndt Ion (b) toe not If A(Q) in suo that B +-i (AM0) to

Ix~be.ia~in G; as n increxs*s, this condition bec 9~ a less

restric'Avo ono oni .4(01; (b) Is obviic'uy as-tisfiod if A4Q)-=4, C < -A

fc- all 0. Fo each tf&2m 4I9 !tiryni (b) . auc .kissible

*rt*!At-O? to 4x . rfined as the-A solution a of v(x,Q) a O0, that

Dt.tmotzS the Solution L-Y %%C.T, this ivsQ(z) - Qny7) ny7 way

be a:;, incronsint, P=ti=n of If A(Q) le suitably chosen,. For

4(~~4,this bsoons

do upe eorti6anc Itr~it of oonfldaczae eoefficient 1-sc (and/ow a
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loyer contdence limt of coefficle•t ). * inee the famctlto

v(x,B) in sach of thee oases also meets the ondition*e of S*4tio2

4i.2, each of these eatiattore is wLtorrly best arxnmj all e6tSUMtti

with t•e same location functions a(O -,QY)ulIa(O .. *)]m .

?C--ing ,c(Q)= e lves • (•(X) m 7 j for this location functionu

the estimator obbaine is 1ndeoneCicnt of the par~ticular value

asasred for a- 2 ; hence the classical (ax l. lke-lhoAd) estiastor

to uniformly best amnn all median-unbias dmestimators of C' even

if 6- 2 Is not known,

x',in_*_-?. Vormal variance. Let Z - (be,.,.yn) be a xmwle of

P. Inependont obser-vations from a .ot-.al distribAtlon with kinown

moan, say L a 0, and unknor-in standard deviation aor- v 0 -c a--c c

f (X.9) a T-T (21Tde 4 e 7F2m= I- Let

v(zQ,) - log f(x,Q) - G(Gc(Q)), where t() is a given

func tion. Then
. 82

v(x,Q) -1 ( ) 2- ,"(d"))

whe re S2 .1 -

Por a Given z h2 as the Chi-square distribution with~ n derme--o

*I freedom; hence 0 (4,<(J')~) - L ( ;t where 2
C D .'A6 -c),

1o the lowe0r -point of the Chi-square distribttion with n dogr~es
h12 2

of freedcu. Thus v(x 0) no 2 _ If& for xsample 9

A(Ci) = A, then v(x,Q) satisfies conditions (a)-(a) of CL oolary 1.

TakIJZJ A(r)~ gives, as the solution of v~xvE w 00 the
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2 2
Il

n/ 2 3 - ZOI a 1,2 2n

iaon n 'si rnot -meati _1d I and C

Wierle 2 is the classicac unbiased estliats. (! relations Mrs

co.ns'dered In more detail in Section 5.l. below.) In each of theme

oasos, tbe acceptar*-o rogions Ago -{Xi(x,0 o)-• 0 are equivalent

a t0 o n-2 )
to those obtaInable " In S@etion 4*2, A -I2 r2

noence each of the osti-ntors considered Is ni=formly best eanmon

all eatirmtors with the sam location ftnctions.

The) foll~wina tw3 oxmiples illustra'.o the method of Section 2t-.

Zxr!le . L.z'-3tlc rnenn. Let x - (.leen be a smw~le of za

I-rdeperent observat'o-n t-om a lotictle distribpition with unknotm

m osn 0: Prob T -c yIol (Y - 0) a l,. + , -00 4y- 00

,-(Y-4) -(y-4) 2-

i* - 0 it co; Y has the derlnit function (Y-o)-e Ai+ r

II

i TkiJC4()E:_ )•[O)=- and •(0)VA, 0-'- , lt

* • (x..) - • [io& Cx,9 gA) - log CzQx..O1-• o* -[.-)

Cond'.tican (a) of Coy-ollary 1 i8 satisfied, since (yf-•-A /jf -y+£e 4)V _ _ __ _ _ _ _

: V



is,4e,3.ttve Peiaiv awabi.. with a cn~tin-,ous c.d.f. ConditIon (b)

is ,atilyied* sinz ** (YI. &/JI I'y - 2 +'4) is 4ecr~esing

In 0 f-ri + coto - cý n G(G, 4 q eoporiC nt of L.

Conixition (a) Is satisfled (since* {xv(x.Q0  Is tme t aertence

region of an essentislly-Ardqllely i5.ternin. best test, of

%i: 0. - % - against R~2t a 0 * b). einco tin

extin-ator O Cz) I* 1rven by the solution 0 of v(m,Gi - 0 . U5e

tie'e by r-=zwtr~w that VQ .2)-0, Oso that *-- admi-.Ib~ft rindizrn-

unbi&3ed estinatoow to lk'x), the sol-it ion 0 of

,[log 4i'Lv - o -,a)- log '4 J- ,a -0

This *2tlat~or and Its risk curves depend upon the pasticular

va1.;,6 chosen; the erro?-robab~lltles a(9 -6,4,4ew¶. &,Q*AWC I

have a *mlInls~e6 eccmn value for all1 B.

TakInM the O tin csse 46 .+ 0,* we defizm

v~x)4-1 f~ r(x.) - GC(aVA)

2 ~ 0) -U - O(G *

*"he tonciditiotns of Corollary I can &raini be verified. 71o detrnlna

G(0.4), note that when 0 Is true,* I T -0) has tb. unit r,3ctan.-ir~rr

distribution; the c~d.f. of7F4~.0 a b aogtd

£-vproxLnated closely, except for extreme va1lwa of A and rery sinall

n , by a nwmvml diastribuatlos, as shown in £7. pp. 0424..16]. Sine*

z(Tw.)a I WO Tat(jI'CY 9)) a 2us bavoby the mr-3al

~lnati~ (0,4) d)U* Zwave rims locally..bast



1.- estimator (a wz ith~ location tAinatims (-4 1eG.f ito the soluionio 0 of

By symietry. 00•9 9 0, so that the l.ocanlly-best med1a.-ased

estbmtor ooincide vwith the meximia likelilood est!iiator, aid

is the solution of

Sc2lutions of the latter two iqmatlonma nuwrically are easily

obtair•d by u"-e of tables of the functions I (u) DI) .

L= is Laplacoan atean. Let x - (11 P....y ) be E femrle of

n Independent observations fru a taplacean (double expcrwent•sc+

diutribitton ivth unknown man 0. -a -c 0 co , with density

functios

h (y Q) at e,- ~y

Por a&W A 3P 0, lot

[(z0Q) - & [oc f(x.9.A)- log f x.O-)-Ota"49))

LI (
Vo note that

-- I -c 9 ......

A S+m; 0



and banoe -2 6 in -9 KI !yj1 O-t1j;1 QAj) '2An for &I'. x

Zinoe ?rmobfY CQ AjQ0 tG cduf o

bas. a jtW of at etch e-d c-

its rW*c, and Is continuously' incressin~g between tI-A.s ';

0bc (0,4(0) Is well-defined If 40i() 3atisfies

0(9,.') is Independent of 0, sinc, the d1st:-1biu:ioa c: '-4 !s

Independent of 0; by ayiin.try, G(9,7) -0. A SLZP. I rAt1

gives

Vaw(jTy...AI.IY-o+A I) - 8(1-e -Ae , V, say;

for n not very small I d .'4 not OXtres t.he inormal p'Zus c

to the distribution of 1(X,0) given

Condition (a.) of Corolla"y 1 Is nct satisfiad by vjx.,0, ---L- we-

resort to T~am I to prove the sidr.1ss1bflity of týe

def Ined by use orf Y U.Q) : For ony -A9() b,3uM,dads i-3 va und

such that condition (b) of CorodllrirT 1 It satIsf's-1 ':jY~,O

In easmily ve.Ified that the est~.nitlon 0 0 W, d.1:1nuI" a, t!-*

solution 0 or v(x,*) a 0, Setintled, the zondlit3w~ of :*-T ..

and honces to admissible.

The r-3dlan.unbiased estlimator Q(z', obtaine4 Vie tA s1:.i

(ifideb Is easily solved numerlsally) * depends upet'z partl.cUc.-



vol-i)e L h ~ion; tho ,-rrr-proiat 11itns &(G- A,,W &* +A

%- a Mitnt:.W co~,.- vel-ig f:r all 0

't~,far .ry' relationa R, the Indicato .- tl.oritt I(!)Iis d~

-:11 1 if R io trite and VC?) - 3 If R Is f~Ise. 71hus
71 n

1 (yi ao V- -c 0) 1s th,9 numlb? of obserations Y

oxeetpdlxiý 0 min-is the ranu~ar of otservotica~s less than 0; vith

pro'j-bility ow~, tk!& oboorvat'ons , have ai 3-1st-*nct values. and

n1 140 0 ) (IL)

!A r bea:- 1 zftper i c r 4en by ite isooeta.c reen ihatth

211 U-0 ?

;;~~~~ (0) "A G(a()Vn* w

we ha" v (z ,) 1-7 17 0)1 )1 21

1-2



w.it!) a-~.1t re, V*x,0 * C t!jl have a t~a'Aylo 801utimu 0,

ranoly a 4%:X I i'11s astLirator sat¶R.%fle Me- conditlons or
Ivr-tni I, .n I so Is rdniibl.; amaion all *40ti-utors with the 9

i-catlon imnctionh. it r~ninizes the *r7-?-p:-:bcb-.llties a(u.0) in

~c ~eiA~o~oJof 0, fro every 0. If ni is ode, OWix a

tVrA se',T;le redlar, Is an admissible median--.mb4.&zed estiumator.

A :ý&-t of -:! td.4*/te7615 Wa;Lo. Coal In. 'tte etav inlon problon'

Is In t'.e n,'t!:)n that for *ea 0 tth. Cat'ribution of an

ast!r-Ata slcrid 'here 0 aj a 'tyrlzal' or "caitrs2-' va1lie lIn smor

sý-rio.. 1es ca,~ z chr the use o:~ ataA It~c3 to de--cricre dies

sao leL~r -h.)uil;1o oint. that t-cner is no index

(~u-~,tc.) a:~o Xc~c-Alo or a elstributi-:n v%:oi Is unMiq-ely

rracrn~l, a:, ,-r.(~al c*.acriptIve pu-.pOae-'. ForI the e-tim~ation

'1r con~s d':red .x ro, the use of thw critezi1an (jactvosed by

B--OT rf -.!dlr-u'-liased (exatt or apnrox~rnt..), to specify

3-).1t, c,: t3rt-nrý cf a ;Kjunt-estinatior's dlstr!l':?tllons, 9-seus at
l~n~ ~a3 .si1's.ctory at u~ry7 alterxiativez Ar. 0¶&.t~ W x of

a mt 0i~a *dp.rr.e- called median--nma.'e 9!tr !for oacb 41

Its 'to. 111 - tfics Of' C'r rs3+imt1:n and inderest~rmt~on are equal:

L' )era, -0 ,gOg) or eaeb 0 E A.

,~~'i tt'eof nmr' Lz-'vi~bIasee *stwos tich so*ems

pzrt1.ca-.xx1,vis for our ;rlaary purpose of conveying

x for(-.rnt!,i a~xo..t ]psrwv to~rs, Is a pl")perty a," invrlan~fco If

I' ~s cn;' -v1ien-uztl ised estimator or Q, then each~ strictly

nornot~one of f ictior V V(G) has the zc.d-an-ttnbias A estInator



lbs nwst wicAiy used criterion of location for estlmteus

to of ownr5@ rwarL- the&1S5 letter tern will be wd

bown necessary tc. avoid possible tonalootgcal sonnusion, In

pl.. of the '~usI tern urnblas.dess. Th~bin4 sed a wtors lack

the property of !uvurlance. discribed above (exze*t in the restrIctod

case that I(Q) t oy W liner rwictlorm~) This so.3s to be at dEsA

advantaee at lekst in prirseiple, rfw apnlicatioos to =o*el* of

oxpertzrints in w;-ch one paraneter has a strZl. s1= leancer for

the structure or tkAe n--dul, but where, It Is rnatjrel to eowle-er

so-twel differ.n. rtrations of the paemieters each or wictlh has

a distinct rnn r...l Interpretation, A asiple to~l ti e

stpndard devlatie d- of a normal distribtitirc; V- and the varliance

fi ave. diattir* ct Interpretations, a~nd It to saratias des'red

to, considar estimatesa of each in the soer context. For such vwrrosos

It to desirable to eafins, ir possibla, good esti-sors of each

pa~rwmter wt~ioh are c-'nsiateant with the ratheevatical relation

betwen tOM ra:&mastors.

A sac -nd retýrn fr cronsidering alterzattvsa to the rnaza-

tmbiasednbss crit~r!-on for o,.w presenat puarpose Is th'at t7-A3 criterion

sae--i sonswat a:i1n to criteria baesd an loss functions, uss; of

le-ob w have set out to avoid as tar as possiblei.

A third "ud p~rha.; str=Gsat ro -so Is that this eriterica

soanetns forces the us& of an oatinator wbieh co'-.ld otherwise be

strictly Ln~proved uzpon fr-cu the 8tmn4pqI~nt of admissibility. A

fardl-la oxwzr-le Is the -.mob~lsz of estluatiM a soeqoect or

vuriance. Hems the obvl~ua Improvernet of replaeIg a negative

eatimte by the ral-ae a*e"* sa be inde only It tba critericon f

umbis~eedess is Crop'wd, On the otber band, I wa blai utwe



a .satisfiesaOso') - a(CQ- O) '1-/2 on. for MOMwP2.
X- fQIO W a•y be redefined as zero an = x

utleh :t is negative, resulting in Ceneral in an Irg~reie•tt wIthot

altering the mediano-unbiasedneas or go.

The moat important ua &ad* of the -rinelple of m~an-mnbis.e1-

mass asens to be In the doveloament of the theory and techniques

of linear -i t tion. For iany purposes the basic ass.mtions of

"t2-at theory, wh•ch concern only the vaans and covar-ancos of

obeerintional errors, are supnl1eernted by a ncr-nmlitj atswption.

"-*bnever the latter assum'ption Is added, we can (as indicated In

Ex&-rlU 1 of Seotion ii above) dispense with the Justif'ceatlon

wsally given for the classical estiratorz of lima-- regression

theor7 which include the ma-bl~asedness critirion, and Instead

remand the classlcal estimators on the follewing basis, which

seem superior from the presnt standpoint (or both theoretical

and practical purpooss: the classical ostImbors are (a) median-

i;Aa.zd (and hbnce have the Invlaranee property described above)
probabilities

sod (b) mng all such est!=ators, they nintiol. at-lt ,)i•s1 all Z
of over-esti•tIon "d unmor-estixAtlon of every paranetric t•mctlon

*_eh is vestimableO (as defined in that theory). If this

Iusti•ication for the classical estL-ators is adoptod, the use of

Satn-inbisednrss properties remains essential at the level of

technical develaopnt of the theory and t46chniques, but does not

play any role at the level of basls JustifyinL oriterlZ. The

theor7 of linear estimation without hernality assuptions is not

strictly compewble with the oresent discussion, since it is bass&

on an inoospletely speoifted model for the obserastlonal errors

(osly first and second oomente being sp•eifLed) while the present

S.. . .. . ... .. I2 . . .. ... . -- . ...... ... . . . . .



I

approach asaras fully specifiod probtability nodole p(xzO*)

hmmvew, the rreo•t~difn comments on thb lcportant special ca&" of

normally distriLuted earont win of som relevance for the so

Snneral theory.

A second extensive area of ase of the mean-ubiasedness

critericn Is in asyaitotl theories of estimition, U•-rever this

Sise Is tyTic5ly nade with referen,3e only to anymptotically nolz:ULtly

distrilbrted itItnatori. 7ero, am 'ith tto linear estimators just

dlscus~ed, and In~eud wkersvor a problen has essentially thb struc-

ture of the problem ý,f estiviation of the mean of a normal distribu-

tion. the criteria of msc_ and medlan-untiasedness are generally

satisf*ed by the r-_- estimators; It may tben be considired a

matter or choice vhich (if either) criterion is preferred and

adopted is A• iuitirying criterion, and wtich Is to be considered

an ontalled -rcperty. (A nore det31_lou diacussion or gone a=pects

ol asyr.ptotle estirnation theory vill be Civoan in a later section.)

An Important and di" i•jct part of" the estimation taeo.-y

developed in the rollow1Nj! sections concerns rodian-nbiased

estimators, particularly ad&issible ones. kiXe this section bas

described certzin aJva.-tages or edlan-unbiasednos3 as a oriterion

for point-esti tors, it vill he ro..called that our tro-ren is not

to use a thrry of point-estrnstors as a pro-osed eolution or

*the estination problem•, but to use 8atilfaotory point-est•mtors

WAd oonflieree limits at various confidence levels Jointly to form

owidb-as estimators ealioed cor.1ficsee curvesO vhich will be

pro osed as relatively satisfactory solutions for mazy estlmtion

problamso An iortant additional advantage of a.6ian-imbiaed

point estinators to that they fit wel into this oro~ra.

' *



'o,- ze rMN, the *Pvolonmont of thoory ard techniquies of owdleba

xs~' O!Md Itin 1I7A1C9 i sU8efUl t7 note the tollovlngS

Ev.ry er c,.-A:donce unidt witi, cos Ici.-se coafficient 5~ (VIdob

is at-i a I:je zznf10-vv. lunt with the ar, coefliclent) Is a

in~is~' ,gt'~~ tvth rinor qua1.ric~atlair;). This simpla

olb f--Ynt I on le~ 'a 3us t -) d:tfor our n-m--41sev, first of all5 the

ccrt.id'1-rtalg x'.! c." 'y and techniq~wa of estinstlon by c,~-A

ri6,~1.-It, sn4 mor~e -.nerally to

..Iic fc1:cc~w!:ir coni:i':ts co-n~lor-..nt the d"tinition or wlab

vilf iie~nos j*iv~n abc-.02

7r Puny Qs-.~ - tisfies Prob to a)I 0 ftcrr a~l

rot tvin G0 Ir - 3 d! n-n.in' ased if aund onl, It

a 4(4.;Q, 04D)j for e.ach Qfl0

';tL-..st:re iait'.-tfyr, Prb eQ of 21iQ - 0 for a me 0

Q Ir. rvn1rc.t be mud~an-wnbiaz~ed* ?',r examnple, tor

C,) wi~~l..n th 0 '0 -c 1, the range of

*ic1- *.-qt~r.9tr G Wr i!, a' set of at mv')st n+l points In the closed

~i~ ~ i~- -l-e(Q4,9+2Q) except at pcInts

!n thw irar~a of Go*.; &r!d 4ttQ-,O,Q *), 0(+ ,Q) A~re, 0ntinuow'g

axc~pt at; t~rtiq ;)oltits, vhrr4, discontinultlos occur. flaner.:oV

comnnt bo env!I~'

ris=-et'xi=t o,: M.tr~lbutions f(x,O) &eso not nec.83ar-'ly IM2,y

xxon-existenco ep.' exI~tb~~d*tirstorm, It 3 a Is &

dlscrete *anplae p*CSS It IS P003i1be to WplJoy IM acust4WU7 WW



an amm entod sample space 3 mX Cat))1 * e Y(X is an

obmsrved value of an auxiliary random variable Y1x} whose con-

tinuo•us distribution may d3pend upon the observei x but not upon

0. ?bn estimators of the fom O(xry(x)) may be redtan-•mbiased

in problems for which no *(x) Is .diezn-tnblaged. Such augmented

s*ampl spaces 5' are, In fact, foral•2y Include4 as possible oases

of S throug•but our General discussion. They aer useful technically

and th&oretically to give a formal unity to theoretical developments.

An estimator 0*(xy(x)) whose values depend in an essential way on

the value y tx) of a randomsiation variable (x) may ea, useful for

mo dec5 sion or predlction applications, but

It seems clear (in the writer's opinion)

that such estinators should not be used for Inforitive Inference

purpo"s oven thouch It is somtims useful to consider then in

theor ..ml dvolopcint of eatimAtlon theory. It follows that

exact attairment of ne.d,•..unblasoeIness will sowtims be Incor.-

$i$tent with the purp•ose of" ruktld_ InformatiLve Infaences.

In smo problems with conti-noo s densities f(x,Q), vedian-

unbissod es imters exist but are all InadmIssTble, ior example,

In the ostinAtion or tho mean oi a normal distributivn iflJAmple 1

of Section !4 above) , if ws take IL-f,01 , 0 -cco , thea the

classical estL-Ator =odified In the natural way,

0(W if ? 0,

0 0

to admissible and lsiunlforaly best ioz; nedian-unblased esti-ato:%s.

but if ve takSeJA-- [ GO -C 4M ? 0 the mn estirator Is ads.-

sibli, but the condition of med/mn-unblsednsso failn just at B - O,

I4bte &(0...0Q'*) a0 while &(0*8,0,) 0 an estimator

f



w(-- C 4 arTw Posl~ve inriber, Is nuuIian-unbiased but Igi.4~s-AbI

it ts wsrui vaM r..a~ml to d.rins t's -3od-an-bias or any

estimator 0' at 0sa

BtQ9,0Q) f- Pob I o . 00 - ?rob Eti) -Ca19

so that *posltiie zedina.-.biazw e~ffnif les a larger probability of

owrkst'.r"Ot!on thinn of xoderestlnatIon. In some problean It la

useful to cornsldsi artrimtors, which OriinL:-tize j1(G,Q*)j fro a *IL

in *one gemm3. ?3r .Kaz'le, the modified clas~ical ost!ziator Q
of the n-ral noFt! given aboves Is admissible, an~d stionja admissible

osti-mtors none Is str~ctly better Iith respect tc~z.b~1-iz

since any- adr-Isa!.ble es' .r-ator 0' (z) with IB(O,0')I 1 B(O,B¶ -

G1786, for soo Q>~ 0, B(9,0) B (G.) G.

An estirator 0* wiIV- .* etlie9d approy~mately ,uodian-usnbiased

If ci(0,90) is clo so to ze ro for all 9 ( A. :n scnoe problems,

rich a3 those wi~t d-screte distributtons f(x,Q), It 15 usefuzl Wo

coflrleer adnlzs3iltle 03t~rators wbic.1 ri-.ntIrti the rtax~i~in of

IB(0.0*) for 0 C A. Exeaplee are given belov.

Des1 it. theseo necessary qu~alificatlorus, the property of

.ad' ~a-ubiase fris; re-mins a ruldlng criterion for p~s ntr

wi1iczi It to useful. to corsaider* along with the admis2!bility

criterioi', in dcvn1cplrr extL~ators wt-rIoh sa~y be useful for ta~dng

inforrative interenices,

Por additiorial ceaexnts an wariot's criteria oft umbiaseftote

Me Broim [9] and Sarase (M.) *p. 21"I). ftr a d.*islosi-tbeovette



approach to such cri t.r~a, o.. 14Wrom (10.
5.1 Bost vallsn-u~blased .sti-At~ors i~n s~inole stwidard rroblemse8

The simplest standard probleas of estimation are the., in

whxioh the fanily of densities f(x.O)9 0 j-, satisflas the monotone

likellhoad ratio condition (A) or soctlon 4.2 above. For the

probler. of estinatin;n the nean of a normal distrtbution (With

known or uhLnown varlanoe), the clessical estiLator k s

shown (in~ Sectioni ".,1 above) to 'ý tbe bset .i-nbas

estir-ator wben •-Ls the real line. (Other cases of A. wre

discussed above 1n the present section.)

5.11 Frorm.1 variance or standara deviation.

In the problem of Example 2 of Sectlon ILA above., It i.nas shown

that the best ,mdiaan-unblaese esti-atcrof a normal varian:o

2

and as-Ailarly for a normal standard deviatio

where a2 is the usual unbiased estirzator of T-2 based on adogm

of froedon.

Tabl* 5.1 (lives the values of O and kn for var4oas n

which can be used t3 cooputo e- or f from valUea of t.& cla&3i•cn

estimtes or a no Ik - 1o02 for n 18 and I k - 1.o06

for n 1- 6, this nodiflration of t*e lu "leal esttmatos is a

quantitatively minor one exoept for small n, sad for mamy purposes

it Vll suffice to Ulu- tMe, rox1mate vsieS g.2 " 2 • 0

__ __ __ __ __ __ _

)



except fotr aal1 no. Figure 5.2 elves gpephs of the fntimstt14i

and % fort a 4 40

Frmthe stan4polnt of criteria for oott-Ators, If tho z-;,teria

of &6AsisBbility andi nid1&Th.mUb1aseft 3 ar, &A-opted for this

pteblen, the lat~er re2*tloca)hIps show th~at the clasileal astxOitaos

12 one. a are * isttIf ed as very convenient ani? close ap-roxIz:-x

Thoe, -e1alstoz1lbps rrovide a just~ication for use

of the clasIcaX. ostirato", eite-A for w7l1 !3. which sa-a

Conereall waro, satisfactory (Gs&pita the approxim~ation Liwo1'ved)

tbsn the usual one based on men-unb' ssadne~s. The ngmjn-t'icee

of the tasdisan-bits of the usual antinstors,

B(d's 2 ) = Btd-,s) - Prb10 0dr21 -- b s-c721 a2

are lndependent of cd g they awe shownx In Table 1.2 for va.''iJui no

For exaBfle3, for' n -70, a undez..Utt4 '-te vith pr'~babillty

II
.5U .50+ (.022



OF THE Vkr. LXC!- OR STAZDAJ1! 33VIATION 0F A NW=~A

D -*.1B1T101, U¶0tVLU= OF TM~ CIA&O-XCAL :-STU1AT?

2 I 2  *tbz* 2 r 2 -I)s

a 1:niýx ar andC N, ~i 1 .a) %&or ai~ ~

uLxXIIn and ___I ri coj
1 219 !.,13 1.033 i.oiTh

2 i43 1.201 22 1.3 ~i
3 1.2-68 1.126 ZI 1.033 1.03$

4 1.19? 1.092 24& 1.023 1.0114

5 1.vi9 1.372 25 1.027 1.O024

6 112 1.)57 26 1.026 1.013
7 1.103 1.340 27 i.025 1.013

8 1 C -' 9 I-4428 1.02& 1,012

9 1.079 1.039 29 1.023 1*012

1014 07 ii35?0 1.23 1.

17 1. 00. 1.3-0 iCO 1.017 1.003

12 1.0358 '.319 so( 1.001 1.000

19. 1.036 1.02 018u ~o

ll __'0 102 0 101 ~o

16 1- CO .:l90 107 .0

171f1 1.02 c 1. 1.00
18 1038 .139 I(O 1001 .00



Cct:STAJ?1T FOR CcoIr'",i E=, rmA2-U2ILA S BTIUMTI OP TiEl VA11ANCS OR 4^TA=XM DSVUATIlC OF A V1ON"a

~I T ~ ~ k ,2 fdCIaW4 6 ?(Ix~ I r.w 2
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,MTAff.RIAS JP C .t5-TCAL UWTPIASW ESTA?0R 07 TIM VsARIAM

2 2 ~C? A ZrXAL DISTRnhMTtOW ~rb. o2.
B ias B(2 2 Pmb 02 2 Pb9; r 2Prob Is 2 Lr 2

1 --183
2 -. 132

*3 -. 108
4 -. 091&

5 -. o%7

7 -.071

a -. 067
9 -. ,063
10 -. 060

20) ,4

50 -. 027



5.12z tolaon wano Lot x CY1'0MOS be a samle of m 1I Cdenet

obsrrvations from a Polssoii disttribution with anknownme nOg

f tE,#) - PrYob I T1 9 .. j1

satiafies the viotone likelIhv4 ratio cond~tion (A) of S~ction

4.* wIth the s4Xf.*ent sta~ltistl s - distribuated

aDoor41lng to 0
b(sO) -Prob [Z - ie j . C" (DON)I/. s2),1,p2,...*

By a *s~le~1 -Awerollzatlon of fa~in 1 (diopmcaing vith eassution

(a) , Aiclh does not hold for Don-randomized estiastors be fz t(x,9)

Is discrete), *It c4Ln be shovzi that each non-deaoasing finction

O Cz) of x. taking non-wt~atlye values, lis n a.&,isniib1l *srteirtO,

and 12 uniforiil.- best arniog estimators with th same location

unictiofls. kw-nG such .sti~tors, we cam choose one forwtc

IB(0,0 0)1 Is gen~rally ,.lativoly wallI, as folly,3: For eanh 0O 0 0

(follovinm te not-hod of Section 4*1l without the restrictice of

condition (1)), we #"k atest of El 1 04 Go and atest of

n2t 9 withi respective accept.&na& regions z1_ z . 21 . '2

whim- 22 '2ot neeossarily Integers, chosen

so as to zdirtziie th. max!-=i of

Ir o I L 1 9 1f v .2 1 a
It is *"~ily Torlfls4 that (foflcving *ection 14.1) this 1.ads to

a ".*",d sequence of acoetanoe re~ions, for &U1 % M 0*wa ad

fo11owin carrssponding est~xato?: Pow each S 0 0,12pw,... Itsa)

9. ti,. V&a. Of 0 for vbICh S 1 tb* 30eian Ofl 2iB tbS Prcia MMAe th.



TA=L 5.3

Sa 2-Y - ei&V=19 total. - bqr a . . a del I seal .satmate.

o a approximtoly z~diazm-unbtas~d estim*w.

0 0

1 1.214

2 2.156

3 ,t15g
4 4-.161

5 .162

6
7
8
9 9.166

10 lo.165

12

15

20 20.17
-5 25.17__
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1.-
P, 133C aT 'y T~~L0 FArz 5-3.

01 Se.-2e. oeopt

O.C+ who--•-Vole-js 3.2 - .103

- r.gv~. 3.2. - '058

.31 3.6 - .(a5
3.5 + .027

.05 4.0 - .129 .06

.10 4.2 -. 090
a5j 4.14 - .051

.20 4.6 - 0n1

5- .o - .116 + .c6o
.0 - 5.2 - .o03
. -0 5 •.4 - .o04

.60 5.6 - .012

.705*8 e 022
..30 . 6.o -. 106 + .o$5
.90 6.5 -. 027

1.0 2a- + .132 7.0 -09C, + o5o
1.1 .- 7.5 -o.25

1.2 3.0 - .093 ÷*7
1.3 ,1'7 3.- - .023

1.4 9.0 - .037 + .044

1,? 9.2
1.6 - .• i91
1.7' - .(j7 9.6

1.8 + D7 9.3

1.09 . ;s 10.0 - 0083 ,o2
2.0 .+ , .0L 10o.
2.2 .U2 $ 11.0 - .079 + .040

2.4 OW 14.0 - .070 + oif

2.8 . , .A
3.o - .1"17 +.o077 6

-,.,3

1 II ! • L l i l i -lmimnmi lpIi



5.o - .068 , .03
.2
.4
.6
.8

16.0

19.0 - .061 4.031
,2

.4

.6

.8

20.0 - .o09 * .030
.2
.1.
.6

2.0 .o- .29

25.o -. ^53 + .027
3:.o - c,. + .o2

00-. .04 + .021

,0.0 .032 + .016

100.0 - C .013

10. 07 0.
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Z u.-h ralues of V(s) a. easily deterained by us. or tables of the

Poisson distribution, and are illustrated in Tsble 5.3.J . single

such table sufficatfor all se=ple sizes n, since the diswIalion

oC a depends on nO but not on n and 0 separately; heo the table

Glyes, for eoach a, the value of nu(s), wihich Is U be d.vided by

the ssamle size n occur'.n[ any patfioular aplicatica.

It will be seen that O(W) .iffars orly slightly fwva the

cla.sstft estimator Ct() & a/: for 0 z -me

zQ () -crZ(s) -c a. 0.2

cL-re 5.2 and Table 5.I cocparo t~a vidian-blas f•mticns of

1(z) and a(z); a&in the differ n ee.a--* sliit. Thus for ost

purpcsoa the clz-lovl astizator S(s) w.ll saero as a oonvenient

and close aproxi=.lton to Q(z). Fran the statbioint o cri•1ria

for estiratore, there cciarisora provide a Justlfiostion for 4,"

of the clasnioal estir-,tor (as b*1M atbdasible andtizu -

sp-rozi-ately n-osndiinbe r, non-rsania=24

a•-issble st.1¶rnto-,) which sew-s generally more

satlsfactor7 then the nusal justitication (based on sisan-nblased-

mesa).

5.13 Dl,7-1l r-n. Let z - be a SaP-la of n independent

Bernoulli ~ ~ otsrals rbl i . ProbjT 7r 010 1-0

when 0 Is unLkwun, 0 < 0 <1 - Then, prac**zt-. as in the foiseon

case above in ottain the usu•ficient statistic s R - 71 with
ths blmOI±. &istribmutlon

-h(s 0) " PrYib Z ai. -)o'(- ,-og,...n*

FPo each ample eive n, en .ieto- a(&) ean be Gotmdined hioh



has mininum median-bias in the sam q aeopt.d In tte Potason

cse6. Tpble 55 gives seach estimates Z(8s), fr asea atsso

n - 3,530, and 20, In sompawicon with the *LelwaIal st~inst

6(s) - a/n. For a-2. 8(s) a I(C). It will be a& that

jaý(Z) 8(S!j .016 for a ~ .a" I"Ca)- 'Z(S) I g 07 for a & 20.

For nalO, the m•ld4an-blas of the olasaleal eat•mtor Is oompazed

wit that of 0 in TabI 5.6 and Figuro .3. /o? n-20, the sme

co~pL.s2n Is given In Table 5.7 8r.d Pigure 5.". Again all of the

ditferenooa are alI-ht.

Thus Ir the etinsfto- "(s) Is adoptod on the or.tevIa that

It is ockiassiblo and has Ininum nada -bi"a anonc noe.

randomIzed aimiusiblo esttrators, then fo'

MaMY purposes t•e classical estirAtov Z i-.1 serve as a cnnvenlent

and closo approximation to 7. In this wa7, use of ý* elassloal

otimators rocelvoi a now jusatification Y&Icb, depite the approxi•a-

tion Involved, seems generally mor satisfactory than the usual

uz t1f•'eation based on mean-uanbazedness.

6. Acn Pied r-~--'t. The writer Is grateful to RM'. loalle Zuz'Iok

for ocrzputirg an,! p eparinI tablas.

S. I



gO ~~TAMJ. S J.
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TABLUS 5.6

YtMMIx,-BIAS OP cLA3.Z1C.., IZ31iTA,01 b * /n OP A BINOMAL PARY.1.22 0, FM
SAi17'LE SMZ ii 10, CO!?A4:) tr."11 ME M-.I*ATOH 00OF? AML 5$.5

B(0.1'- Po ro - ob >0 -. 010)

f.) , - Frob Io 010 - Prob- <1el9 .

0.004 - . where
giien, .

.01 - .-04 .26 + .004

.02 - .137 .27 + .034

.03 - .237 .28 + .062

.04 - .165 .29 + .090
.05 - .099 .30 - .i5o + .17
.06 - .039 .31 - .123
.07 + .016 .12 - .096
.o08 .066 .33 - .068
.o ag .111 -34• - .041

.10 - .236 *.1 .35 - .034

.11 - .197 + .188 .216 * .013

.12 - ,158 . +7 .040

.13 - .120 .,8 * .066

.14 - .082 .39 + .092

.15 - .0•1 .40 - .133 *.218

.16 - .008 .1 - .108

.17 + .027 .42 - .082

.18 +.o61 .4.3 - .o56
.19 + .093 .44 - o0o

.20 - .178 + .124 .45 .044

.a2 - .47 .46 + .022

.22 - .117 .47 + .047

.23 - .086 .48 + .073

.P - .o56 .,49 + .098

,25 -,026 ,5o 1 ,

minm i i l lb II~llM~m Illl l~ .~lllI4

ir • i m l llliil i i I -.M



F1�'. �4 (1.1' 4atratln.g Tab1� £.7). TIsd±an-t la of c1a21o.1 .atlatoz 0 of binomial
� (in Ack� tow sample size a - 20, oo.pgr�d with that of eatimatow W�r ?4id
?a�L. �.S (in wed, where different).
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TABLZ %5.71.
IMI?•-.BIS O CLA•ICAL , ST'!ATOR - (W/n A, A Bf•lMAL PAMWIR 0,, 9.

sALR IE sim 2o, c0uA!IED uI7¶I T~o EsTram0 "a0o TABLI 5.5.
B(9,2) - Prob{a V. 0,!o - iwoi4 Ole~

B(0,i) -Prob 10 . gig)- Pob1ZCIi

.00 0. Sa,

.00+ - .5 oxcep:t
whoi

.01 - .38 valis$ .26 - .077* given.

.02 - .168 .27 - .036

.03 - .o4 .28 + .oo0

.0 .oo8 .29 * .ov

.o5 - .2-6 * .12.2 .30 - .108 .08o

.o6 - .161 + .210 .31 - .070

- .087 .32 - .031
.08 - .017 .33 * .008
.09 * .W03 . +3 046

.10 - .177 * .i,8 .35 - .101 * .013

.11 -. 20 .36 - .064
.12 - .063 .37 - .027
.13 - .008 .38 + .Oll
.1k +* .045 . 9 .+48
.1 - .148 + .o95 .40 - .096 .084
.16 - .099 .41 - .059
.17 - .05o .42 - .023
.s8 - .003 .43 * .o10
.19 4 .01314 .,4 + .0* 0

.20 -. 10 + .089 .45 - .091 *.086

.21 - .086 .46 - .o5

.22 - .042 .137 - .020

.23 + .001 .1.3 + .017

.23 4 .04 .49 + .o5

.25 - .U .7085 . 0.0

____ ______

1t
a ________________
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